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This paper presents the optimal shape of a compound trapezoidal cross-section by 

considering sensitivity analysis of design variable in shape optimization of trapezoidal open 

channel. the sensitivity analysis of the effect of discharge and channel bottom slope on 

design variables, constraints and objective function. The objective function is to minimize 

the cost of excavation and lining and the cost of water lost as seepage and evaporation losses, 

the design variables are the depth and width of the channel bottom, side slopes and free 

board, the constraints include uniform flow, maximum and minimum velocity, Froud 

number and water surface width. Optimization was performed with different values of 

discharge and channel bottom slope in two stages and with several models. In the first stage, 

at a constant slope, with increasing discharge, the values of discharge, bed width, free board, 

flow velocity, flow cross-sectional area and cost increase, but the side slope decreases. in the 

second stage, at constant discharge values, as the slope of the channel bottom increases, the 

values of flow depth, bed width, flow cross-section area, and overall channel construction 

cost decrease. Results of sensitivity analysis show that all of design variables are important. 
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1. Introduction 

The optimal design of the cross section of the channel is 

necessary for the design discharge to convey through it and 

the least cost for its construction [1]. Structural shape 

sensitivity analysis, that is, the calculation of quantitative 

information on how the response of a structure is affected 

with respect to changes in its parameters that define its 

shape, plays a key role in shape optimization [2]. 

Sensitivity analysis can be used to study how the 
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uncertainty in the output of a mathematical model or 

system (numerical or otherwise) can be apportioned to 

different sources of uncertainty in its inputs [3]. For a 

successful optimization the requirements are a good finite 

element model, adequate sensitivities, proper choice of 

objective function, design variables, constraints and a 

suitable method of solution of the nonlinear mathematical 

problem [4]. The optimal design of the composite channel 

cross-section was first addressed by Trout (1982) with the 

aim of minimizing lining costs with composite roughness 
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for trapezoidal, rectangular, and triangular channels. [5]. 

Guo, and Hughes, (1984) for the first time considered the 

free board as a design variable for the optimal design of the 

trapezoidal channel using the first principles of calculus 

and derivation and with the objective function of frictional 

resistance or the construction cost [6]. In Monadjemi's 's 

research (1994), the triangular section is the best hydraulic 

section among different sections such as rectangular, 

triangular, trapezoidal and round bottom triangular [7].  

Swamee (1995) and Swamee et al. (2001, 2002, 2002) 

Presented optimal channels with triangular, rectangular, 

trapezoidal, and circular sections, considering water lost as 

seepage and evaporation losses, and using presented a non-

linear method. The results showed that the cross-sectional 

area of the channel and losses due to seepage and 

evaporation in a trapezoidal channel are less than triangular 

and rectangular channels. [8-13]. The results of Babaeyan-

Koopaei et al.'s research (2000) showed that the cross-

sectional the wetted flow area and wetted perimeter of a 

triangular channel with a parabolic bottom is less than a 

channel with a triangular and parabolic cross-section. [14]. 

Das (2000) presented the optimal shape of the cross-section 

with composite roughness trapezoidal channel with 

freeboard using the method of Lagrange coefficients, 

taking into account the constraints of Manning's equation 

and the objective function of the construction cost. [15]. 

Jain et al. (2004) presented the optimal design of the 

trapezoidal channel section by considering the velocity and 

top width constraints of the water surface using genetic 

algorithm. The cost of construction a channel using 

genetics algorithms is lower compared to the method of 

Lagrange multiplier. [16].  Bhattacharjya (2005) 

considered problem for optimal design of composite 

channel cross section of trapezoidal shape by investigating 

the constraint of freeboard and changes in the specific 

energy of the channel. [17]. Bhattacharjya (2006) 

optimized the trapezoidal channel section with nonlinear 

optimization model incorporating the critical flow 

condition of the channel. The results show that this method 

has a better and more favorable performance compared to 

the Lagrange method in the research of Das. [18]. Also, 

Bhattacharjya used the optimal shape of the open channel 

cross-section with the combined method of genetic 

algorithm and second-order sequential programming 

algorithm. The results showed the high efficiency of the 

mentioned method in the optimal and stable design of open 

channels. [19]. Das (2007) presented the optimal cross-

section model of a trapezoidal channel with two objective 

functions of minimizing the overall cost of channel 

construction and minimizing the probability of overtopping 

and limiting the establishment of uniform flow using the 

first-order analysis method. The results of this research 

showed that with the decrease of overtopping probability, 

the flow depth decreases and the bed width increases. [20]. 

Bhattacharjya and Satish (2008) developed the model of 

Das (2007) by considering the freeboard as a design 

variable and also using genetic algorithm. The results 

indicate a direct relationship between the width of the 

channel and the cost of its construction, as well as the better 

efficiency of the genetic algorithm compared to the 

classical optimization. [21]. Reddy and Adarsh (2010) 

presented the optimal shape of the cross-section of the 

composite trapezoidal channel using the elitist-mutated 

particle swarm optimization (EMPSO) method with 

overtopping constrained design. The results show that the 

cost of construction the channel is lower than the method 

of Lagrange coefficients. [22]. In recent years, Easa (2011), 

Easa and Vatankhah, (2014), Han (2015), Han and Easa 

(2017), very extensive researches regarding the design of 

new general open channel cross-sections were introduced. 

The results show that the optimal section that minimizes 

construction cost is substantially better than the most 

hydraulically efficient section. [23-24]. Pourbakhshian and 

Ghaemian (2015)  presented a methodology to determine 

the optimal shape of double curvature concrete arch dams 

and the sensitivity analysis of design variables in shape 

optimization of concrete arch dams. [25]. Orouji et al. 

(2016) optimized the trapezoidal compound channel 

section using the frog leaping algorithm. The results show 

that the use of this algorithm is more economical compared 

to genetic algorithms, ants, etc. [26]. Roushangar et al. 

(2018) in their studies to provide the optimal shape of the 

composed trapezoidal channel using genetic algorithm 

showed that the application of depth, speed and Froud 

number constraints increases the construction cost, while 

the water surface width constraint reduces the cost. [27]. 

Gupta et al. (2018) used Fish Shoal Optimization (FSO) for 

the optimal design of the trapezoidal channel section. 

which reduced the cost of channel construction compared 

to particle swarm algorithm (PSO) [28]. Farzin and Anarki 

(2020) using meta-heuristic methods, to the optimal and 

probabilistic design of the composed trapezoidal channel 

cross-section in which models are based on constant or 

variable freeboard, uniform or composite roughness 

coefficient, fixed and variable freeboard, and also velocity, 

Froude number and overtopping constraints using bat 

hybrid algorithm. The results showed that using HBP, 

compared to BA, PSO, LINGO, Lagrange multiplier 

method and shuffled frog-leaping algorithm, led to a 32% 

reduction in the cost of channel construction. [29]. 

Pourbakhshian and Pouraminian (2021) presented some 

analytical models for the optimal design of trapezoidal 

composite channel cross-section. The objective function is 

the cost function per unit length of the channel, which 

includes the excavation and lining costs. The results are 

presented in three parts. In the first part, the optimal values 

of the design variables and the objective function are 

presented in different discharges. In the second part, the 



 Journal of Civil Engineering Researchers 

2026-vol8(3)-p 28-38 

30 

relationship between cost and design variables in different 

discharges is presented in the form of conceptual and 

analytical models and mathematical functions. Finally, in 

the third part, the changes in the design variables and cost 

function are presented as a graph based on the discharge 

variations. Result indicate that the cost increases with 

increasing water depth, left side slope, equivalent 

roughness coefficient, and freeboard. [30]. the optimal 

cross section of a composite parabolic channel by 

considering four models based on freeboard changes. The 

results show that increasing the discharge increases the 

flow depth, left and right side slopes, total top width and 

water surface width, channel cross-sectional area and flow 

area, the total channel perimeter and wetted perimeters, 

flow velocity, Froud number and the cost increases. [31].  

the optimal shape of the compound trapezoidal cross-

section is presented by considering the deterministic 

constraints and the probabilistic constraint of channel 

flooding as uncertainty with the SPSA algorithm and with 

three flow discharge of 10, 50, and 120 m3/s. The cost of 

construction and the bed width, initially decreases with the 

increase of the overtopping probability, and at a certain 

value, the probability reaches its minimum value, and then 

with the increase of the overtopping probability, the cost of 

construction and bed width increases. [32]. 

The purpose of this paper is to determine the optimal 

shape of the cross-section of the composite trapezoidal 

channel and also sensitivity analysis of design variables in 

shape optimization of trapezoidal open channels. In the 

optimization process, the objective function is the cost 

canal sections. Coefficients sensitivity analysis is 

performed based on the 10000 trails by utilizing Latin 

Hypercube Sampling. Uniform distributions have been 

assigned for simulations. Correlation analysis is used to 

determine relationships between design variables and 

objective function. The program basically consists of two 

parts that are described in the paper: The first section 

recalls the optimization procedure of the cross section of a 

composite trapezoidal channel. In Section 2, sensitivity 

analysis is performed. 

2. Optimal design of open channels 

2.1. Trapezoidal cross section 

 

Figure (1) shows the cross section of a composite 

trapezoidal channel. 

As shown in Figure 1, z_1:1,z_2:1represent the side 

slopes of the channel corresponding to the left and right 

sides , n_1,n_2,n_3 are Manning’s roughness coefficients 

on the left, right and bottom sides of the channel, b is 

bottom width, y is the flow depth, f is the freeboard, and 

s_0 is the longitudinal bed slope. 

 
Figure 1. Representation of the cross-sectional geometry of the 

composite trapezoidal channel [32] 

 

where A_t and  P_t  are the is the total channel cross-

sectional area and perimeter, respectively; T_tis the total 

top width of the channel cross-section; A_wand P_ware the 

channel wetted area and perimeter, respectively; T_wis the 

water surface width,1 P_w1, P_w2, and P_w3 are wetted 

perimeters corresponding to the left, right and bottom sides 

of the channel respectively. P_t1, P_t2, and P_t3are 

perimeters corresponding to the left, right and bottom sides 

of the channel, respectively; R_w is the hydraulic radius; 

and Dis the hydraulic depth. Parameters y, b, z1, z2, and f 

are defined in Figure 1 are related to the area (Equation 1), 

perimeter (Equation 2), the overall width of the section 

(Equation 3) and depth of centroid of area for trapezoidal 

canal sections. (Equation 4) 

 

𝐴𝑡 = 𝑏(𝑦 + 𝑓) + (𝑧1 + 𝑧2) (𝑦 + 𝑓)2 2⁄                     (1) 

                             𝑃𝑡1 = (𝑧1
2 + 1)(1 2⁄ ). (𝑦 + 𝑓) 

𝑃𝑡2 = (𝑧2
2 + 1)(1 2⁄ ). (𝑦 + 𝑓) 

𝑃𝑡3 = 𝑏  

(2)                                                       𝑃𝑡 = 𝑃𝑡1 + 𝑃𝑡2 + 𝑃𝑡3 

𝑃𝑡 = {[(𝑧1
2 + 1)(1 2⁄ ) + (𝑧2

2 + 1)(1 2⁄ ))] (𝑦 + 𝑓) + 𝑏} 

(3)                                           𝑇𝑡 = 𝑏 + (𝑧1 + 𝑧2)(𝑦 + 𝑓) 

𝑦̄ =
𝑦

6
(
3𝑏+2𝑧𝑦

𝑏+𝑧𝑦
)                                                             (4) 

 

In the above equations, by removing the freeboard in the 

equations, the corresponding water flow equations are 

obtained. In this paper, the left and right-side slopes of the 

channel are considered equal to each other. 

2.2.  Design variable 

According to the geometric model described in figure 

(1), design variables, description and their minimum and 

maximum values are given in Table 1.  
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Table 1.  

Representation of design variables 

𝟏
 

𝑿𝑳 Design variables unit 𝑿𝒊 

15 0.5 Depth of flow m 𝑥1 = 𝑦 

15 2 Channel bed width m 𝑥2 = 𝑏 

3 0.2   Channel side slope - 𝑥3 = 𝑧 

2 0.5 Free board - 𝑥4 = 𝑓 

 

2.3. Constraint2     

Table 2. 

Representation of design variables 

Equation Describe 

Φ1 = [1 + 2.457A∗√R∗ ln(
ε∗

12R∗
+

0.221υ∗

R∗
1.5 ] − ε0 

Uniform    flow 

Φ2 =
Fr

Frmax

 
Sub Critical 

flow 

Φ3 =
Tt

Tmax
 

Channel top 

width 

Φ4 =
Vmin

Vave
 

Minimum 

permissible 

velocity 

Φ5 =
Vave

Vmax
 

Maximum 

permissible 

velocity 
 

According to Table 2, the constraint of uniform flow is 

considered to conduct the uniform flow in the channel [9]. 

Therefore, in this research, the Manning’s equation 

constraint Horton's method was used to control uniform 

flow and to calculate the equivalent roughness coefficient 

[33]. 

Froud number constraint is included in order to avoid 

development of critical flow in the optimal design of the 

channel [14] . And the Channel top width is included to 

control the cost of land acquisition [15, 16, 22]. The 

minimum allowed velocity to prevent sedimentation is in 

the range of 0.6 to 0.9 m/s and the minimum velocity to 

prevent the growth of vegetation is 0.75 m/s [1]. The 

minimum velocity allowed in channel design is in the range 

of 0.75 to 0.9 [9]. In channels with a rigid boundary, the 

maximum allowable velocity (VL) is the velocity that does 

not cause erosion. Moreover, to ensure the conveyance of 

the discharge through the cross-section, the mean actual 

flow velocity in the channel should not exceed the 

maximum permissible velocity [11] and [16]. In this study, 

the minimum and maximum velocity values are 0.75 and 4 

m/s, respectively. 

2.4. Objective function 

The optimal design of an open canal consists of 

minimization of an objective function which is subjected to 

certain constraints. The objective function consists of the 

cost per unit length of the canal. 

In this paper, the total cost includes the earthwork cost, 

cost of lining, cost of water lost as seepage and evaporation 

subject to uniform flow condition in the canal.  

2.4.1. Lining Cost 

The lining cost depends on the extent of canal surface 

area to be lined and the type of lining material to be used. 

[35] 

𝐶𝐿 = 𝑐𝑙𝑃𝑡                                                                       (5) 
𝐶𝐿 = cost of channel lining is per unit of channel length.  
𝑐𝑙= unit cost of lining. 

2.4.2.  Earthwork Cost  

Earthwork is required for providing open canal flow 

area. Earthwork cost is the major cost item for a canal 

passing through hard and firm strata, where lining may not 

be required. (33) 

Where 𝐶𝑒= Excavation cost is per unit of channel length  
𝐶𝑒 = 𝑐𝑒𝐴 + 𝑐𝑟𝐴𝑦̄                                                    (6)   
𝑐𝑒= excavation cost per unit cross-sectional area for a unit 

length of the channel.  

𝑐𝑟=additional cost per unit volume of excavation per unit 

depth. 

𝑦̄= depth (m) of the centroid of the area of excavation from 

the ground surface. (equation 4) 

2.4.3.  Cost of water lost as seepage and evaporation 

One of the most important water lost in a canal is water 

seepage from the canal. 

The seepage loss from a canal in a homogeneous and 

isotropic porous medium when the water table is at very 

large depth was written by Swamee et al. (2000) as: 

𝑞𝑠 = 𝑘. 𝑦. 𝐹𝑠                                                              (7)  
qs = water loss as seepage per unit length of canal (m2 /s). 

 k = hydraulic conductivity of the porous medium (m/ s). 

 yn = normal depth of water in the canal (m);  

Fs = seepage function (dimensionless), which is a function 

of the channel geometry. 

𝐹𝑠 = [((4𝜋 − 𝜋2)1.3 + (2𝑧)1.3)
0.77+0.468𝑧

1.3+0.6𝑧 + (
𝑏

𝑦
)

1+0.6𝑧

1.3+0.6𝑧]

1.3+0.6𝑧

1+0.6𝑧
  (8) 

In equation (18), z is side slope, y is depth of flow and 

b is bed width. 

evaporation of water from the channel surface is related 

to the energy source to provide the latent heat of 

evaporation and the ability to transport water vapor away 

from the evaporation surface, which depends on wind 

speed and relative humidity.  
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The evaporation loss was written as: 

𝑞𝐸 = 𝐸. 𝑇𝑤                                                                      (9)  
𝑞𝐸 = water loss as evaporation per unit length of canal     

(m2 /s); 

T = width of free surface (m) 

E = evaporation discharge per unit surface area (m/s). 

From the sum of equations (7) and (8), the water loss due 

to seepage and evaporation per unit of canal are obtained 

according to the following equation: 

𝑞𝑤 = 𝑘. 𝑦𝑛 . 𝐹𝑠 + 𝐸𝑇𝑤                                                                    (10)  

𝐶𝑤 =
3.156×107𝑐𝑤

𝑟
(𝑘𝑦𝑛𝐹𝑠 + 𝐸𝑇𝑤)                                         (11) 

𝐶𝑤 = water loss cost (
$

𝑚
) 

𝑐𝑤= cost per unit volume of water ($/m3 ). 

r = rate of interest ($/$/year).                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               

𝐶𝑤 = 𝑐𝑤𝑠𝑦𝑛𝐹𝑠 + 𝑐𝑤𝐸𝑇𝑤                                                         (12) 

𝑐𝑤𝑠= Cost of water loss due to water seepage from the 

canal(
$

𝑚
)  

𝑐𝑤𝐸  =Cost of water loss due to water leakage from the 

canal(
$

𝑚
) 

𝑐𝑤𝑠 =
3.156×107𝑘𝑐𝑤

𝑟
                                                                       (13) 

𝑐𝑤𝐸 =
3.156×107𝑐𝑤𝐸

𝑟
                                                                      (14) 

Adding (5), (6), and (12), canal per unit length C ($/m) was 

obtained as 

𝐶 = 𝐶𝐸 + 𝐶𝐿 + 𝐶𝑤 = 𝑐𝑙𝑃𝑡 + 𝑐𝑒𝐴 + 𝑐𝑟𝐴𝑦̄ + 𝑐𝑤𝑠𝑦𝑛𝐹𝑠 + 𝑐𝑤𝐸𝑇𝑤  

                                                                                      (15) 

Since 
𝑐𝐿

𝑐𝑒
,
𝑐𝑒

𝑐𝑟
,
𝑐𝑤𝑠

𝑐𝑒
,
𝑐𝑤𝐸

𝑐𝑒
  have length dimensions. they remain 

unaffected by the monetary unit chosen. These ratios can 

be obtained for various types of linings, soil strata, and 

climatic condition by using appropriate unit rates[9,10]. 

The resistance equation is defined as follows: 

𝑉 = −2.457√𝑔𝑅𝑆0 𝑙𝑛(
𝜀

12𝑅
+

0.221𝜐

𝑅√𝑔𝑅𝑆0
) = 0                  (16) 

where V = average flow velocity (m/s); g = gravitational 

acceleration (𝑚 𝑠2⁄ ); R = hydraulic radius (m), defined as 

the ratio of the flow area to the flow perimeter; 𝑆0= 

longitudinal canal bed slope (dimensionless); 𝜀0= average 

roughness height of the canal lining (m); and 𝜐 = kinematic 

viscosity of water (𝑚2 𝑠⁄ ). Using the continuity equation 

and (16), the discharge Q (𝑚3 𝑠⁄ ) was obtained as: 

𝑄 = 𝐴𝑉 = −2.457𝐴√𝑔𝑅𝑆0 𝑙𝑛(
𝜀

12𝑅
+

0.221𝜐

𝑅√𝑔𝑅𝑆0
) = 0    (17)  

Since a canal is designed to sustain uniform flow, (17) 

provides the required condition as an equality constraint 

function in the design 

𝑄 + 2.457𝐴√𝑔𝑅𝑆0 𝑙𝑛(
𝜀

12𝑅
+

0.221𝜐

𝑅√𝑔𝑅𝑆0
) = 0                 (18)  

Uniform flow constraint is written as follows: 

In order to easily determine the effect of variables and 

parameters of cost functions in the process of optimizing 

the trapezoidal channel shape, the equations are converted 

to dimensionless form by choosing a length scale. 

L= length scale 

𝐿 = (
𝑄

√𝑔𝑆0
⁄ )0.4                                                         (19) 

Therefore, the nondimensional variables are defined as 

follows: 

𝑦̄∗ =
𝑦̄

𝐿
,𝑦𝑛∗

=
𝑦𝑛

𝐿
,𝑇∗ =

𝑇

𝐿
,𝑅∗ =

𝑅

𝐿
                                    (20) 

𝐴∗ =
𝐴

𝐿2,  𝑃∗ =
𝑃

𝐿
                                                  

𝐶∗ =
𝐶

𝑐𝑒𝐿2, 𝑐𝑙∗
=

𝑐𝑙

𝑐𝑒𝐿
, 𝑐𝑟∗

=
𝑐𝑟𝐿

𝑐𝑒
,𝑐𝑤𝑠∗

=
𝑐𝑤𝑠

𝑐𝑒𝐿
, 𝑐𝑤𝐸∗

=
𝑐𝑤𝐸

𝑐𝑒𝐿
, 

𝜀∗ =
𝜀

𝐿
, 𝜐∗ =

𝜐𝐿

𝑄
 

where subscript * refers the corresponding nondimensional 

parameter. Using (15), (18), and (20), the objective 

function in nondimensional form becomes as follows: 

𝐶∗ = 𝐴∗ + 𝑐𝑟∗
𝐴∗𝑦̄∗ + 𝑐𝑙∗

𝑃∗ + 𝑐𝑤𝑠∗
𝐹𝑠𝑦𝑛∗ + 𝑐𝑤𝐸∗

𝑇∗      (21)  

𝛷11 = 1 + 2.457𝐴∗√𝑅∗ 𝑙𝑜𝑔(
𝜀∗

12𝑅∗
+

0.221𝜐∗

𝑅∗
1.5 ) = 0       (22)  

𝛷1 = 1 + 2.457𝐴∗√𝑅∗ 𝑙𝑜𝑔(
𝜀∗

12𝑅∗
+

0.221𝜐∗

𝑅∗
1.5 ) − 𝜀0        (23)  

In this paper,𝜀0value equal to 0.01 was considered  

2.5.  optimization algorithm 

The SPSA algorithm is a powerful algorithm for the 

optimization of complex systems that was developed and 

expanded by SPAL in 1998.[35] Among the features of the 

SPSA algorithm is that in each optimization iteration, 

regardless of the number of design variables, it only needs 

to evaluate the objective function twice. Therefore, the use 

of this algorithm greatly reduces the volume of calculations 

and reduces the total optimization time. [36] SPSA 

algorithm has been effectively used in civil engineering, 

especially in arch dam optimization. [37-40]  

SPSA algorithm is for optimization of unconstrained 

problems. Therefore, in order to use it in solving bounded 

problems with unequal constraints, it is necessary to 

replace the objective function with the pseudo-objective 

function obtained by using the method of external penalty 

functions: 
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𝑤(𝑋, 𝑟𝑝) = 𝑓(𝑋) + 𝑟𝑝 ∑max[0, 𝑔𝑗(𝑋)]

𝑚

𝑗=1

2

 

⇒ 𝑓(•) = 𝑤(•) + noise                                                      (24)   

The above steps can be seen in the flowchart of figure (2). 

The SPSA algorithm is used for optimizing 

unconstrained problems. Therefore, to use it for solving 

constrained problems with inequality constraintsg_j≤0"  

"(j=1,...,m), it is necessary to replace the quasi-objective 

functionw  obtained by the external penalty function 

method with the objective function (f): 

𝑤(𝑋, 𝑟𝑝) = 𝑓(𝑋) + 𝑟𝑝 ∑max[0, 𝑔𝑗(𝑋)]

𝑚

𝑗=1

2

 

⇒ 𝑓(•) = 𝑤(•) + noise                                                             (25)                      

rp   is a penalty multiplier . The flow chart of the SPSA 

algorithm for the channel optimization problem can be 

shown in Figure 2.  

2.6. Sensitivity analysis 

     Sensitivity analysis measures the changes in output 

by varying the inputs. the latter generated by sampling 

from their values distributional range. SA is therefore 

important to identify the key factors affecting the output 

[41]. 

     In this section, the shape optimization of trapezoidal 

open channel is analyzed by design sensitivity analysis. 

The model procedure is as follows: 

1. Generation of a sample of design variables by 

SIMLAB software 

2. By applying generation data, the basis for 

sensitivity analysis is derived by MATLAB software.  

2.6.1. Generation of design variables   

     SIMLAB provides a free development framework 

for Sensitivity and Uncertainty Analysis [42]. 

To use SIMLAB the user performs the following 

operations.  

2.6.1.1.  Select a range and a distribution (probability 

distribution functions, pdfs) for each input factor. 

     These selections will be used in the next step for the 

generation of as ample from the input factors. In this paper, 

uniform (Rectangular) distribution is used. 

If it is only possible to define a minimum and maximum 

value for a factor, a uniform   distribution is appropriate. 

For a uniform distribution all values between the minimum 

and maximum values are equally likely to be sampled. It is 

the simplest of all continuous distributions. Parameters are 

the upper and lower bounds: a and b. The uniform PDF is 

given as [43]:  

𝑓(𝑥) = {
0𝑥 ∉ (𝑎, 𝑏)

1

𝑏−𝑎
𝑥 ∈ (𝑎, 𝑏)

                                                               (26)     

  

Figure 2. The flow chart of SPSA algorithm [32] 
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2.6.1.2. Generate a sample of elements from the 

distribution of the inputs previously specified. 

The result of this step is a sequence of sample elements. 

Among different sampling strategies, The LHS is a 

particular case of stratified sampling which is meant to 

achieve a better coverage of the sample space of the 

selected input parameters [3]. The first step in the sample 

generation phase is to select range sand distributions 

(probability distribution functions, pdfs) for the input 

factors. The second step is to select a sampling method 

from among the available ones. The third step is the actual 

generation of the sample from the input pdfs. 1000 

different samples have been generated with the help of 

Simlab. In this paper, For the generation LHS was used.  

2.6.2. Extracting the results of sensitivity analysis by 

MATLAB software by applying the produced data 

Correlation coefficients, which are the special cases of 

regression-based analysis, are typically useful methods for 

sensitivity analysis [3]. The Pearson correlation 

coefficient, for instance, can be used to characterize the 

degree of linear relationship between the output values and 

sampled values of individual inputs. 

    A quantitative estimate of linear correlation can be 

determined by calculating a simple correlation coefficient 

on the parameter values of input and output. Pearson's 

product moment correlation coefficient is denoted by r and 

is defined as:  

𝑟 =
∑ (𝑋𝑖𝑗−𝑋𝑖̅̅ ̅)(𝑌𝑖𝑗−𝑌̅)𝑛

𝑗=1

[∑ (𝑋𝑖𝑗−𝑋𝑖̅̅ ̅)2 ∑ (𝑌𝑖𝑗−𝑌𝑖̅)
2𝑛

𝑗=1
𝑛
𝑗=1 ]

1
2

                                       (27)      

𝑋𝑖𝑗 are the values of the generated random parameters, 

𝑋𝑖̅  the average of these values, and 𝑌𝑖𝑗  are the values of the 

output parameter, 𝑌𝑖̅  the average of these values, and n is 

the total number of generated data. 

For the correlation between Xi and Y [44]. The larger 

the absolute value of r the stronger the degree of linear 

relationship between the input and output values. A 

negative value of r indicates the output is inversely related 

to the input. A linear regression on the data can be used to 

determine the correlation coefficient from the square root 

of the coefficient of determination, R2 [45]. 

Opt. Design vector=

[
 
 
 
 
 
𝐷. 𝑉1

𝐷. 𝑉2

.

.

.
𝐷𝑉𝑛 ]

 
 
 
 
 

                                                                                                          

 

n=number of design variables. 

N=number of samples 

 
Figure 3. S.A. assessment flowcharts in trapezoidal composite open 

channel 

𝑟𝑛 =
∑  [(𝐷.𝑉𝑛𝑗−𝐷.𝑉̅̅ ̅̅ 𝑛̅𝑗) (𝐶𝑗−𝐶̅)𝑁

𝑗=1 ]

[∑ (𝐷.𝑉𝑛𝑗−𝐷.𝑉̅̅ ̅̅ 𝑛̅𝑗)
2 ∑ (𝐶𝑗−𝐶̅)2𝑁

𝑗=1
𝑁
𝑗=1 ]

1
2

                                  (28)                      

In this paper, 𝐷. 𝑉𝑛𝑗
 are design variable (y,b,z,f), 𝐶𝑗 is 

cost. 

 

𝑆. 𝐴 = 𝑟 = Correlation coefficients 

𝑆. 𝐴𝑖𝑛𝑑𝑒𝑥=

[
 
 
 
 
 
𝑆. 𝐴1

𝑆. 𝐴2

.

.

.
 𝑆. 𝐴𝑛]

 
 
 
 
 

                                                 (29)                                    

3. Results and discussion 

3.1.  Result of optimization 

In this article, design steps of the optimal trapezoidal 

composite channel cross-section have been done by 

considering the cost of seepage and evaporation in different 

values of discharge using the SPSA optimization 

algorithm. The discharge values considered from 50 to 500 

m3/s respectively. These steps are as follows: 

Step1: Swamee’s method is used to verify the results 

was used to compare the results of the SPSA algorithm.  

The specifications of the model's input constant 

parameters are as follows: 

𝑄 = 100 𝑚3

𝑠   ⁄ ،𝑆0 = 0.001 ،𝜐 = 1.1 × 10−6 𝑚2 𝑠⁄   ، 

𝜀 = 1, 𝑔 = 9.79𝑚/𝑠2 

The values of the parameters of the excavation and 

lining cost and the seepage and evaporation cost are as 

follows :(Swamee,2000): 

1× 𝑛 
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𝑐𝑒 = 1,     
𝑐𝑙

𝑐𝑒
= 12,    

𝑐𝑒

𝑐𝑟
= 7,     

𝑐𝑤𝑠

𝑐𝑒
= 10,     

𝑐𝑤𝑒

𝑐𝑒
= 2 

It should be noted that in the model of Swamee (2000), 

only uniform flow constraint is specified in the 

optimization process. 

Step2: Then, the model was developed with five very 

important constraints including, uniform flow constraint, 

Froud number constraint to control the subcritical flow in 

the channel, maximum velocity constraint to prevent 

scouring in the channel, minimum velocity constraint to 

control sedimentation in the channel and limiting the 

channel top width were investigated to reduce the cost of 

the land area in order to provide the optimal shape of the 

channel section.  

In Table 3, the first and second rows respectively 

correspond to the results of the validation of the model with 

the SPSA algorithm with the Swamee (2000) model, which 

only includes the condition of uniform flow, and the third 

row corresponds to the results of the SPSA algorithm with 

the five constraint are definite. 

Table 3.  

Comparison of the optimization results of the trapezoidal composite 

channel section with the result of  Swamee (2000) 
    Parameters 

 

Model 

y (m) b(m)
 

Z Fr 
A 

)2m( 

V 

(m/s) 
COST 

Swamee 

(2000) 
3.878 5.829 0.512 0.6 30.304 3.3 429.27 

SPSA model 3.672 5.877 0.513 0.65 28.506 3.48 431.75 
 

  Comparing the results of the current model with the 

results of the result of Swamee (2000) shows that the SPSA 

algorithm has a very good convergence in reaching the 

desired solution. 

 

Figure 4. Convergence rate of the cost using SPSA algorithm for 

discharge 100 m3/s and bed slope S=0.001 

 

Step3: After verifying and ensuring the correctness of the 

model in the first and second steps, the optimal shape of 

the compound trapezoidal channel section was obtained at 

different discharges with bed slope S=0.001.According to 

Table 5, increasing the discharge, increases the flow depth, 

bed width, freeboard, cross-sectional area of flow, water 

surface width, flow velocity and cost and decrease bed 

slope, Froud number. 

Figures 5 show the changes in the optimal values of flow 

depth, channel bed width, side slope of the channel, and 

channel construction cost with different flow discharge. 

According to Table 7, 8 and 9, increasing the discharge, 

increases the flow depth, bed width, freeboard, cross-

sectional area of flow, water surface width, flow velocity 

and cost and decrease bed slope, Froud number. 

 

Table 4.  

Results from optimization in different runs using the SPSA algorithm with 

S0=0.001, Q=50 m3/s. 

Y(m) 4.66 4.42 4.54 4.49 4.71 4.67 4.52 4.37 4.72 

B(m) 6.35 6.37 6.22 5.21 5.52 5.72 6.39 6.5 5.5 

Z 0.5 0.64 0.59 0.86 0.67 0.65 0.59 0.67 0.68 

f 0.42 0.41 0.44 0.42 0.54 0.6 0.6 0.58 0.59 

(m2)wA 40.61 40.68 40.67 40.93 40.98 40.87 41.14 41.24 41.41 

(m)wT 11.06 12.05 11.66 13.01 11.89 11.76 11.8 12.37 11.99 

V(m/s) 1.22 1.22 1.22 1.21 1.22 1.22 1.23 1.22 1.23 

Fr 0.204 0.212 0.209 0.219 0.211 0.208 0.209 0.214 0.211 

Cost1 273.2 273.9 274.7 279.1 281.4 283.5 284.2 285 285.7 

Cost2 271.1 271.9 271.6 275.6 273.6 272.8 273 274.1 275.1 

Cost 544.2 545.9 546.3 554.6 555 556.3 557.2 559.1 561.1 
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Table 5.  

Presentation the values of design variables, constraints and Cost 

function at different discharges with a bed slope S0=0.0001 
/s)3Q(m 50 100 200 300 400 500 

Y(m) 4.19 5.28 8.06 10.45 12.26 12.55 

B(m) 6.58 8.53 10.46 11.62 13.67 16.31 

Z 0.9 0.89 0.52 0.37 0.26 0.23 

f 0.304 0.31 0.4 0.41 0.48 0.88 

Fr 0.22 0.23 0.21 0.2 0.19 0.19 

)2(mwA 43.42 70.07 118.04 162.09 204.55 242.33 

(m)wT 14.12 18 18.81 19.38 19.71 22.28 

V(m/s) 1.22 1.41 1.68 1.83 1.94 2.04 

Cost1 285.39 385.03 548.87 708.69 875.86 1028 

Cost2 284.92 362.06 462.38 546.42 620.05 669.31 

Cost 570.32 747.09 1011.26 1251.1 1495.9 1697.4 

 

 

Table 6.  

Presentation of conceptual models based on the dependent variable 

and independent variables 

𝑦+, 𝑏+, 𝑧−, 𝑓+, 𝑇−, ⥂ 𝐴−, 𝐹𝑟− ∝ 𝐶𝑜𝑠𝑡+ 

𝑦−, 𝑏−, 𝑧+, 𝑓−, 𝑇+, ⥂ 𝐴+, 𝐹𝑟+ ∝ 𝐶𝑜𝑠𝑡+ 
𝑦−, 𝑏+, 𝑧+, 𝑓−, 𝑇+, ⥂ 𝐴+, 𝐹𝑟+ ∝ 𝐶𝑜𝑠𝑡+ 
𝑦+, 𝑏−, 𝑧+, 𝑓+, 𝑇−, ⥂ 𝐴−, 𝐹𝑟− ∝ 𝐶𝑜𝑠𝑡+ 

  
Table 7.  

Presentation the values of design variables, constraints and Cost 

function at for flow discharge of 50 m3/s and bed slope S0=0.0001   
S 0.0001 0.0004 0.0007 0.0010 0.0013 0.0016 

y(m) 4.19 3.98 3.22 3.03 2.81 2.62 

b(m) 6.58 5.96 4.32 4.02 3.91 3.85 

z 0.90 0.52 0.74 0.49 0.52 0.55 

f 0.304 0.290 1.540 0.280 0.270 0.290 

Tw 14.12 10.16 9.06 7.03 6.81 6.75 

V(m/s) 1.22 2.28 2.67 2.96 3.28 3.55 

Aw (m^2) 43.42 32.09 21.57 16.70 15.08 13.93 

Fr 0.22 0.41 0.50 0.61 0.70 0.79 

Cost1(Cw) 285.39 232.35 241.79 159.54 150.62 145.17 

Cost2(Cel) 284.92 240.71 198.76 173.79 165.15 158.71 

Cost 570.32 473.06 440.56 333.35 315.76 303.88 

 

3.2.  Result of sensitivity analysis  

    After optimizing the composite trapezoidal channel 

cross-section, a sensitivity analysis of the effect of each 

design variable on the total cost was determined, which is 

shown in table 10 and Figure 6,7. Positive values of S.A 

indicate that when the design variables increase, the 

objective function, which is the total cost, also increases, 

and negative values of S.A mean that as the values of the 

design variables increase, the value of the objective 

function decreases. The S.A positive value means that 

when the design variables value increase, the objective 

function (total cost value increases, and the SA negative 

value means that when the design variables value increase, 

the objective function value decreases. All of the design 

variables are important. 

 
Figure 5. Results of optimization of composed trapezoidal cross-

section using SPSA algorithm for different flow discharge values 

 

 
Figure 6. sensitivity indices for the cost of composite trapezoidal 

channel at the flow discharge of 50 m3/s 
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Table 8.  

Presentation the values of design variables, constraints and Cost 

function at for flow discharge of 100 m3/s and bed slope S0=0.0001 
S 0.0001 0.0004 0.0007 0.0010 0.0013 0.0016 

y(m) 4.19 3.98 3.22 3.03 2.81 2.62 

b(m) 6.58 5.96 4.32 4.02 3.91 3.85 

z 0.90 0.52 0.74 0.49 0.52 0.55 

f 0.304 0.290 1.540 0.280 0.270 0.290 

Tw 14.12 10.16 9.06 7.03 6.81 6.75 

V(m/s) 1.22 2.28 2.67 2.96 3.28 3.55 

Aw (m^2) 43.42 32.09 21.57 16.70 15.08 13.93 

Fr 0.22 0.41 0.50 0.61 0.70 0.79 

Cost1(Cw) 285.39 232.35 241.79 159.54 150.62 145.17 

Cost2(Cel) 284.92 240.71 198.76 173.79 165.15 158.71 

Cost 570.32 473.06 440.56 333.35 315.76 303.88 

  
Table 9.  

Presentation the values of design variables, constraints and Cost 

function at for flow discharge of 200 m3/s and bed slope S0=0.0001   
S0 0.0001 0.0004 0.0007 0.001 0.0013 0.0016 

Y(m) 8.06 7.02 5.88 6.08 5.02 4.92 

B(m) 10.46 9.52 8.06 7.22 5.94 5.91 

z 0.52 0.63 0.52 0.56 0.55 0.47 

f 0.40 0.21 0.97 0.30 0.27 0.82 

Tw 18.81 18.30 14.22 13.20 11.80 10.55 

V(m/s) 1.68 3.18 3.74 4.09 4.52 4.90 

Aw(m^2) 118.04 97.64 65.57 49.31 43.77 40.47 

Fr 0.23 0.46 0.54 0.65 0.74 0.79 

Cost1(Cel)  548.87 467.50 397.79 306.2 279.13 290.88 

Cost2 (Cw) 462.38 421.09 344.33 298.84 282.15 271.47 

Cost 1011.3 888.59 742.14 605.08 561.47 562.37 

  
Table 10.  

sensitivity analysis of the input factors at different discharges 

 

Design Variable SA (Q= 50 m^3/s)   SA (Q= 200 m^3/s)   

y 0.99947695 0.99944068 

b 0.90191052 0.99995244 

z 0.99735134 0.99786043 

f 0.99995576 0.99995603 

 

Figure 7. sensitivity indices for the cost of composite trapezoidal 

channel at the flow discharge of 200 m3/s 

4. Conclusion 

In this study, a methodology to determine the optimal 

shape of a composed trapezoidal open channel and the 

sensitivity analysis of design variables in shape 

optimization of composed trapezoidal channel are 

presented. 

The effect of discharge is investigated by considering 

different values in these models on the design variables, 

constraints, objective function and geometric parameters 

and channel design. The results show that increasing the 

discharge, increases the flow depth, bed width, freeboard, 

cross-sectional area of flow, water surface width, flow 

velocity and cost and decrease bed slope, Froud number. 

Coefficients of sensitivity analysis are performed based on 

the 10000 trials by utilizing Latin Hypercube Sampling. 

Uniform distributions have been assigned for simulations. 

Correlation analysis is used to determine relationships 

between design variables and objective function. Results 

show that all of design variables are important.  
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