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In this article, the optimal shape of the compound trapezoidal cross-section is presented by 

considering the deterministic constraints and the probabilistic constraint of channel flooding 

as uncertainty with the SPSA algorithm and with three flow discharge of 10, 50, and 120 

m3/s. The objective function is to minimize the cost of excavation and lining, the design 

variables of depth and bed width of the canal, side slopes and constraints include uniform 

flow, maximum and minimum velocity, water surface width and the overtopping probability. 

The values of the freeboard and the slope of the channel bed are fixed and equal to 0.5 meters 

and 0.0028, respectively. The results show that with the increase in overtopping probability, 

the flow depth increases, but the side slopes, velocity and Froud number decrease. The cost 

of construction and the bed width, initially decreases with the increase of the overtopping 

probability, and at a certain value, the probability reaches its minimum value, and then with 

the increase of the overtopping probability, the cost of construction and bed width increases. 
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1. Introduction 

The optimal design of the cross section of the channel is 

necessary for the design discharge to convey through it and 

the least cost for its construction [1]. The optimal design of 

the composite channel cross-section was first addressed by 

Trout (1982) with the aim of minimizing lining costs with 

composite roughness for trapezoidal, rectangular, and 

triangular channels [2] .Guo, and Hughes, (1984) for the 

first time considered the free board as a design variable for 

the optimal design of the trapezoidal channel using the first 

principles of calculus and derivation and with the objective 

function of frictional resistance or the construction cost [3]. 

 
* Corresponding author. Tel.: +98-9113967847; e-mail: Sommayyeh. pourbakhshian@gmail.com. 

In Monadjemi's 's research (1994), the triangular section is 

the best hydraulic section among different sections such as 

rectangular, triangular, trapezoidal and round bottom 

triangular [4].  Swamee (1995) and Swamee et al. (2001, 

2002, 2002) Presented optimal channels with triangular, 

rectangular, trapezoidal, and circular sections, considering 

water lost as seepage and evaporation losses, and using 

presented a non-linear method. The results showed that the 

cross-sectional area of the channel and losses due to 

seepage and evaporation in a trapezoidal channel are less 

than triangular and rectangular channels. The results of 

Babaeyan-Koopaei et al.'s research (2000) showed that the 

cross-sectional the wetted flow area and wetted perimeter 
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of a triangular channel with a parabolic bottom is less than 

a channel with a triangular and parabolic cross-section. Das 

(2000) presented the optimal shape of the cross-section 

with composite roughness trapezoidal channel with 

freeboard using the method of Lagrange coefficients, 

taking into account the constraints of Manning's equation 

and the objective function of the construction cost [12]. 

Jain et al. (2004) presented the optimal design of the 

trapezoidal channel section by considering the velocity and 

top width constraints of the water surface using genetic 

algorithm. The cost of construction a channel using 

genetics algorithms is lower compared to the method of 

Lagrange multiplier. Bhattacharjya (2005) considered 

problem for optimal design of composite channel cross 

section of trapezoidal shape by investigating the constraint 

of freeboard and changes in the specific energy of the 

channel. [14]. Bhattacharjya (2006) optimized the 

trapezoidal channel section with nonlinear optimization 

model incorporating the critical flow condition of the 

channel. The results show that this method has a better and 

more favorable performance compared to the Lagrange 

method in the research of Das. [15]. Also, Bhattacharjya 

used the optimal shape of the open channel cross-section 

with the combined method of geneti algorithm and second-

order sequential programming algorithm. The results 

showed the high efficiency of the mentioned method in the 

optimal and stable design of open channels. [16]. Das 

(2007) presented the optimal cross-section model of a 

trapezoidal channel with two objective functions of 

minimizing the overall cost of channel construction and 

minimizing the probability of overtopping and limiting the 

establishment of uniform flow using the first-order analysis 

method. The results of this research showed that with the 

decrease of overtopping probability, the flow depth 

decreases and the  bed width increases. [17]. Bhattacharjya 

and Satish (2008) developed the model of Das (2007) by 

considering the freeboard as a design variable and also 

using genetic algorithm. The results indicate a direct 

relationship between the width of the channel and the cost 

of its construction, as well as the better efficiency of the 

genetic algorithm compared to the classical optimization. 

[18]. Reddy and Adarsh (2010) presented the optimal 

shape of the cross-section of the composite trapezoidal 

channel using the elitist-mutated particle swarm 

optimization (EMPSO) method with overtopping 

constrained design. The results show that the cost of 

construction the channel is lower than the method of 

Lagrange coefficients. [19]. While in the research of Das 

(2010), the mentioned clause was obtained through risk 

analysis. [20]. In another study, Reddy and Adarsh (2010) 

used two meta-heuristic methods such as Genetic 

Algorithm (GA) and Particle Swarm Optimization (PSO) 

algorithm to obtain the optimal shape of the channel 

section [21]. In a comprehensive research, Adarsh (2012) 

designed the optimal shape of the trapezoidal channel by 

taking into account the water loss in the form of seepage 

and evaporation using the meta-heuristic optimization 

technique namely probabilistic global search Lausanne 

(PGSL) [23]. Adarsh and Reddy (2013) presents a 

probabilistic multi-objective model for optimal design of 

composite channels that have across-sectional shape of 

horizontal bottom and parabolic sides with three objective 

functions including minimizing the cost of channel 

construction, maximizing the probability of the expected 

the channel capacity being greater than the design 

discharge and minimizing the overtopping using the 

particle swarm optimization method and Pareto-optimal. 

The results showed that the presented approach has good 

potential for other sections designs of open channels under 

input parameter uncertainty. In recent years, Easa (2011), 

Easa and Vatankhah, (2014), Han (2015), Han and Easa 

(2017), very extensive researches regarding the design of 

new general open channel cross-sections were introduced. 

The results show that the optimal section that minimizes 

construction cost is substantially better than the most 

hydraulically efficient section. [24-27]. Orouji et al. (2016) 

optimized the trapezoidal compound channel section using 

the frog leaping algorithm. The results show that the use of 

this algorithm is more economical compared to genetic 

algorithms, ants, etc. [28]. Roushangar et al. (2018) in their 

studies to provide the optimal shape of the composed 

trapezoidal channel using genetic algorithm showed that 

the application of depth, speed and Froud number 

constraints increases the construction cost, while the water 

surface width constraint reduces the cost. . [29]. Gupta et 

al. (2018) used Fish Shoal Optimization (FSO) for the 

optimal design of the trapezoidal channel section. which 

reduced the cost of channel construction compared to 

particle swarm algorithm (PSO) [30]. Farzin and Anarki 

(2020) using meta-heuristic methods, to the optimal and 

probabilistic design of the composed trapezoidal channel 

cross-section in which models are based on constant or 

variable freeboard, uniform or composite roughness 

coefficient, fixed and variable freeboard, and also velocity, 

Froude number and overtopping constraints using bat 

hybrid algorithm. The results showed that using HBP, 

compared to BA, PSO, LINGO, Lagrange multiplier 

method and shuffled frog-leaping algorithm, led to a 32% 

reduction in the cost of channel construction. Therefore, 

HBP has high potential for the optimal design of open 

channels. [31]. Pourbakhshian and Pouraminian (2021) 

presented some analytical models for the optimal design of 

trapezoidal composite channel cross-section. The objective 

function is the cost function per unit length of the channel, 

which includes the excavation and lining costs. To define 

the system, design variables including channel depth, 

channel width, side slopes, freeboard, and roughness 

coefficients were used. The constraints include the mannin-
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Figure 1. Representation of the cross-sectional geometry of the composite trapezoidal channel 

Mg’s equation, flow velocity, Froude number and water 

surface width, The Simultaneous Perturbation Stochastic 

Approximation (SPSA) algorithm was used to solve the 

optimization problem. The results are presented in three 

parts. In the first part, the optimal values of the design 

variables and the objective function are presented in 

different discharges. In the second part, the relationship 

between cost and design variables in different discharges is 

presented in the form of conceptual and analytical models 

and mathematical functions. Finally, in the third part, the 

changes in the design variables and cost function are 

presented as a graph based on the discharge variations. 

Result indicates that the cost increases with increasing 

water depth, left side slope, equivalent roughness 

coefficient, and freeboard. [32]. 

the optimal cross section of a composite parabolic 

channel by considering four models based on freeboard 

changes. The results show that increasing the discharge 

increases the flow depth, left and right-side slopes, total top 

width and water surface width, channel cross-sectional area 

and flow area, the total channel perimeter and wetted 

perimeters, flow velocity, Froud number and the cost 

increases. By examining the relationship between cost with 

design variables, constraints and geometric parameters of 

parabolic channel cross section in different iterations, the 

characteristic of the model that won the most number of 

iterations is based on the increase of left and right side 

slopes, total top width and water surface width, the cross-

sectional area of the canal and the flow area, the total 

channel perimeter and the wetted perimeters, the Froud 

number, increase the cost, and in contrast, increasing the 

depth and flow velocity reduces the cost. Comparing the 

results of the four models with each other shows that the 

cost values in the first model are less than other models and 

in the third model are higher than all models. [33]. Since 

parameters such as discharge, longitudinal  bed slope of the 

channel and roughness coefficients of the property have a 

stochastic nature, so that with the passage of time, the 

longitudinal  bed slope of the channel and roughness 

coefficients will undergo changes due to the phenomenon 

of erosion and sedimentation compared to the initial values 

for the design and the amount Due to the occurrence of 

unauthorized rainfall, the discharge through the channel is 

higher than the design  discharge of the channel, so there is 

uncertainty in determining the depth of the flow in the 

channel and the overtopping of the channel. As a result, 

considering the optimal design of irrigation channels 

limiting the possibility of overtopping reduces costs and 

damages. [34].  

     In this research, the optimal design of the cross-

section of the composite trapezoidal channel by 

considering the deterministic constraints and the 

overtopping constraint and uncertainty by using the 

optimization algorithm of the Simultaneous Perturbation 

Stochastic Approximation (SPSA) in the flow discharge of 

10, 50 and120 (m^3/s). Since it is necessary to design the 

optimal cross-section of open channels with the aim of 

passing the maximum flow and the minimum construction 

cost, in this regard, it is of great importance in terms of the 

possibility of overtopping due to the uncertainty of the 

design parameters including flow rate, longitudinal bed 

slope and flow roughness coefficients. In this research, for 

the first time, the SPSA algorithm has been used for the 

optimal design of composite trapezoidal channels by 

considering overtopping and uncertainty, and in this 

regard, the most important part of innovation is to include 

a complete set of definite constraints and the possibility of 

overtopping in the values of different flows. 

2. Optimal design of open channels 

2.1. Trapezoidal cross section 

As shown in Fig. 1, 𝑧1: 1, 𝑧2: 1represent the side slopes 

of the channel corresponding to the left and right sides, 

𝑛1, 𝑛2, 𝑛3 are Manning’s roughness coefficients on the left, 

right and bottom sides of the channel, b is bottom width, y 

is the flow depth, f is the freeboard, and 𝑠0 is the 

longitudinal bed slope.  where 𝐴𝑡 and  𝑃𝑡  are the is the total 

channel cross-sectional area and perimeter, respectively; 

𝑇𝑡is the total top width of the channel cross-section; 𝐴𝑤and 

𝑃𝑤are the channel wetted area and perimeter, respectively; 

𝑇𝑤is the water surface width, 𝑃𝑤1, 𝑃𝑤2, and 𝑃𝑤3 are wetted 

perimeters corresponding to the left, right and bottom sides 

of the channel respectively. 𝑃𝑡1, 𝑃𝑡2, and 𝑃𝑡3are perimeters 

corresponding to the left, right and bottom sides of the 

channel, respectively; 𝑅𝑤 is the hydraulic radius; and 𝐷is 
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the hydraulic depth. Parameters y, b, z1, z2, and f are 

defined in Fig. 1 are related to the area (Eq 1), perimeter 

(Eq 2), and the overall width of the section (Eq 3): 

 

𝐴𝑡 = 𝑏(𝑦 + 𝑓) + (𝑧1 + 𝑧2) (𝑦 + 𝑓)2 2⁄  

𝑃𝑡1 = (𝑧1
2 + 1)(1

2⁄ ). (𝑦 + 𝑓) 

𝑃𝑡2 = (𝑧2
2 + 1)(1

2⁄ ). (𝑦 + 𝑓) 
𝑃𝑡3 = 𝑏 

(1) 

𝑃𝑡 = 𝑃𝑡1 + 𝑃𝑡2 + 𝑃𝑡3 

𝑃𝑡 = {[(𝑧1
2 + 1)(1

2⁄ ) + (𝑧2
2 + 1)(1

2⁄ ))] (𝑦 + 𝑓) + 𝑏} 

(2) 

𝑇𝑡 = 𝑏 + (𝑧1 + 𝑧2)(𝑦 + 𝑓) (3) 

 

In the equations 1 to 3, by removing the freeboard in the 

equations, the corresponding water flow equations are 

obtained. 

2.2. Design variable 

According to the geometric model described in figure 

(1), design variables, description and their minimum and 

maximum values are given in Table 1. 
Table 1.  

Representation of design variables 
𝑿𝑹 

𝑿𝑳 Design variables unit 𝑿𝒊 

15 0.5 Depth of flow m 𝑥1 = 𝑦 

20 1 Channel bed width m 𝑥2 = 𝑏 

3 0.2   Channel right side slope - 𝑥3 = 𝑧1 

3 0.2 Channel left side slope - 𝑥4 = 𝑧2 
 

2.3. Constraint 

2.3.1. Deterministic constraint 

According to Table 2, the constraint of uniform flow is 

considered to conduct the uniform flow in the channel [6]. 

Therefore, in this research, the Manning’s equation 

constraint Horton's method was used to control uniform 

flow and to calculate the equivalent roughness coefficient 

[35]. Froud number constraint is included in order to avoid 

development of critical flow in the optimal design of the 

channel [14]. And the Channel top width is included to 

control the cost of land acquisition [12, 13, 21]. The 

minimum allowed velocity
 
to prevent sedimentation is in 

the range of 0.6 to 0.9
 
m/s and the minimum velocity to 

prevent the growth of vegetation is 0.75 m/s [1]. The 

minimum velocity allowed in channel design is in the range 

of 0.75 to 0.9 [6]. In channels with a rigid boundary, the 

maximum allowable velocity (VL) is the velocity that does 

not cause erosion. Moreover, to ensure the conveyance of 

the discharge through the cross-section, the mean actual 

flow velocity in the channel should not exceed the 

maximum permissible velocity [8,13]. In this study, the 

minimum and maximum velocity values are 0.75 and 4 

m/s, respectively. 
Table 2  
Representation of design variables 

Constraint Describe  Equation 

𝜱𝟏 Uniform flow 
𝛷1 = |

𝑄

√𝑆0

−
𝐴𝑤

5/3

∑ 𝑛𝑖𝑃𝑤𝑖
1.52

𝑖=1

| − 𝜀 ≤ 0 

𝜱𝟐 Sub Critical flow 
𝛷2 =

𝐹𝑟

𝐹𝑟𝑚𝑎𝑥

 

𝜱𝟑 Channel top width 
𝛷3 =

𝑇𝑡

𝑇𝑚𝑎𝑥

− 1 ≤ 0 

𝜱𝟒  Minimum 

permissible 
velocity 

𝛷4 =
𝑉𝑚𝑖𝑛

𝑉𝑎𝑣𝑒

− 1 ≤ 0 

𝜱𝟓 Maximum 

permissible 
velocity 

𝛷5 =
𝑉𝑎𝑣𝑒

𝑉𝑚𝑎𝑥

− 1 ≤ 0 

 

 

2.3.2. Overtopping probability constrained  

The overtopping probability constrained for the optimal 

design concept is used to design for safety against 

overtopping [20]. 

The phenomenon of erosion and sedimentation as well 

as runoff caused by unexpected rainfall can cause changes 

in the design values of longitudinal slope, channel 

roughness coefficients and flow discharge, which brings 

uncertainty in the depth of flow in the channel. Therefore, 

in this regard, from the first order analysis of uncertainty 

and assuming a normal distribution for the design 

parameters and the amount of flow passing through the 

channel due to the occurrence of precipitation, there may 

be changes compared to the initial design values that lead 

to uncertainty. The condition of the probability of 

overtopping is introduced as follows: The condition of the 

probability of overtopping is in the form of Eq. 4. 

 

𝛷6 = 𝑝(𝑦 > 𝑦 + 𝑓) = 𝑃 (4) 

 

𝑝(𝑦 > 𝑦 + 𝑓), It is the probability of exceedance of 

flow depth over the freeboard which should be equal to the 

constant value of p. 

The overtopping probability constraint is obtained in the 

order of the following steps: 

1) Determination equation of Horton's equation in 

Manning's equation: 

𝑄 = √𝑆0
𝐴𝑤

5/3

(∑3
𝑖=1 𝑛𝑖𝑃𝑤𝑖

1.5)
2
3

                                                                                                                                       
(5) 

2) Due to the probabilistic nature of flow discharge, 

bed slope and channel roughness coefficients, it is 

derived from the Eq. 6 to 8 with respect to 

parameters 𝑦, 𝑛3, 𝑛2, 𝑛1, 𝑆0: 
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𝑑𝑄

𝑑𝑦

= 𝑄[
5

3

1

𝐴𝑤

𝑑𝐴𝑤

𝑑𝑦

−
2

3

𝐴𝑤
5/3

(∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )

𝑑

𝑑𝑦
((∑ 𝑛𝑖

3/2𝑃𝑤𝑖

3

𝑖=1

)] 

 

(6) 

𝑑𝑄

𝑑𝑛𝑖

= −𝑄[
2

3

1

(∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )

𝑑

𝑑𝑛𝑖

((∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3

𝑖=1

)] 

 

(7) 

𝑑𝑄

𝑑𝑆𝑜

=
𝑄

2𝑆𝑜

 (8) 

 

3) According to Chow's (1988) research, the variance 

of y (𝑆2
𝑦) is dependent on the variance of Q (𝑆2

𝑄), 

variance of 𝑛1 (𝑆2
𝑛1

), variance of 𝑛2 (𝑆2
𝑛2

), 

variance of 3n  (𝑆2
𝑛3

) and variance of 𝑆𝑜 (
oSS

2

). 

𝑆2
𝑦 =

1

(
𝑑𝑄
𝑑𝑦

)2
[𝑆2

𝑄 + (
𝑑𝑄

𝑑𝑛1
)2𝑆2

𝑛1

+ (
𝑑𝑄

𝑑𝑛2
)2𝑆2

𝑛2

+ (
𝑑𝑄

𝑑𝑛3
)2𝑆2

𝑛3

+ (
𝑑𝑄

𝑑𝑆𝑜
)2𝑆2

𝑆𝑜
 

(9) 

 

By arranging equation (9) based on 𝑑𝑄 𝑑𝑦⁄ , the Eq. (9) 

is written as Eq. (10): 

𝑑𝑄

𝑑𝑦
=

1

𝑆𝑦
[𝑆2

𝑄 + (
𝑑𝑄

𝑑𝑛1
)2𝑆2

𝑛1
+ (

𝑑𝑄

𝑑𝑛2
)2𝑆2

𝑛2

+ (
𝑑𝑄

𝑑𝑛3
)2𝑆2

𝑛3
+ (

𝑑𝑄

𝑑𝑆𝑜
)2𝑆2

𝑆𝑜
]

1
2 

(10) 

4) Therefore, by substituting Eq. (6), (7) and (8) in 

equation (10), the standard deviation of the flow 

depth is obtained according to the following 

equation: 

 

𝑆𝑦 =

3[
𝑆2

𝑄

𝑄2 +
1

(∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )2 ∑ 𝑛𝑖𝑃𝑤𝑖

2𝑆2
𝑛𝑖

+
1

4𝑆𝑜
2 𝑆2

𝑆𝑜
]

1
2

5
𝐴

𝑑𝐴𝑤

𝑑𝑦
−

2
(∑ 𝑛𝑖

3/2𝑃𝑤𝑖
3
𝑖=1 )

𝑑
𝑑𝑦

((∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )]

 

(11) 

5) Determining the standard deviation of the flow 

depth based on the normal standard variable. 

The standard normal variable Z is defined as 

follows [6]: 

𝑍 =
𝑋 − 𝜇

𝜎
 

(12 

In statistical calculations, 𝜇 = 𝑋̄ 𝜎 = 𝑆𝑥 and 𝑍is the 

standard normal distribution variable whose value 

is determined according to the overtopping 

probability values and interpolation in the 

cumulative distribution table of normal distribution 

probabilities.  In this research, (y) is replaced for the 

variable. (𝑋 − 𝜇), Therefore, the variable is 

defined as follows: 

𝑍 =
𝑦 + 𝑓 − 𝑦

𝑆𝑦

=
𝑓

𝑆𝑦

 
(13) 

In equation (13), 𝑓 it is the freeboard of the channel, 

which in this research is equal to 0.5  meters. 

𝑆𝑦 =
𝑓

𝑍
 

(14) 

By setting Eq. (14) and Eq. (11) equal, the 

overtopping constraint is defined as the following 

equation. 

𝑓

𝑍
=

3[
𝑆2

𝑄

𝑄2 +
1

(∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )2

∑ 𝑛𝑖
2𝑃𝑤𝑖

2𝑆2
𝑛𝑖

+
1

4𝑆𝑜
2 𝑆2

𝑆𝑜
]

1
2

5
𝐴

𝑑𝐴𝑤

𝑑𝑦
−

2
(∑ 𝑛𝑖

3/2𝑃𝑤𝑖
3
𝑖=1 )

𝑑
𝑑𝑦

((∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )]

 

(15) 

Therefore, the constraint of overtopping probability 

is defined as Eq. (16). 
𝛷6

= |
|
𝑓

𝑍
−

3[
𝑆2

𝑄

𝑄2 +
1

(∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )2 ∑ 𝑛𝑖𝑃𝑤𝑖

2𝑆2
𝑛𝑖

+
1

4𝑆𝑜
2 𝑆2

𝑆𝑜
]

1
2

5
𝐴

𝑑𝐴𝑤

𝑑𝑦
−

2
(∑ 𝑛𝑖

3/2𝑃𝑤𝑖
3
𝑖=1 )

𝑑
𝑑𝑦

((∑ 𝑛𝑖
3/2𝑃𝑤𝑖

3
𝑖=1 )]

|
|

− 𝜀 ≤ 0 

(16) 

2.4. Objective function 

The first step in channel design is determining its 

optimal dimensions to transfer the flow discharge with the 

lowest construction cost. In this research, the total cost of 

constructing one meter of canal includes the costs of 

excavating (cross-sectional area) and lining the surfaces 

(perimeter). 

𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒𝐶𝑜𝑠𝑡 = 𝐶𝑜𝑠𝑡(𝑦, 𝑏, 𝑧1, 𝑧2) (17) 

𝐶1 = 𝐶𝑒 + 𝐶𝐿    (18) 

Where 𝐶𝑒= Excavation cost is per unit of channel length 

and 𝐶𝐿= cost of channel lining is per unit of channel length. 

𝐶𝑒 = 𝑐𝑒𝐴𝑡 (19) 

𝑐𝑒= excavation cost per unit cross-sectional area for a 

unit length of the channel. 

𝐶𝐿 = 𝑐𝑙𝑃𝑡 (20) 

𝑐𝑙= lining costs per unit length of the perimeter. 

𝐶 = 𝑐𝑒𝐴 + 𝑐𝑙𝑃 (21) 

C=objective function equal to the total construction cost 

of the channel consisting of excavation and lining cost. 

2.5. Optimization algorithm 

The SPSA algorithm is a powerful algorithm for the 

optimization of complex systems that was developed and 

expanded by SPAL in 1998. Among the features of the 

SPSA algorithm is that in each optimization iteration, 

regardless of the number of design variables, it only needs 
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to evaluate the objective function twice. Therefore, the use 

of this algorithm greatly reduces the volume of calculations 

and reduces the total optimization time. [36] SPSA 

algorithm has been effectively used in civil engineering, 

especially in arch dam optimization [37-43]. The SPSA 

algorithm is for optimization of unconstrained problems. 

Therefore, in order to use it in solving bounded problems 

with unequal constraints, it is necessary to replace the 

objective function with the pseudo-objective function 

obtained by using the method of external penalty functions: 

𝑤(𝑋, 𝑟𝑝) = 𝑓(𝑋) + 𝑟𝑝 ∑ max[0, 𝑔𝑗(𝑋)]

𝑚

𝑗=1

2

⇒ 𝑓(•)

= 𝑤(•) + noise 

(22) 

The above steps can be seen in the flowchart of Figure 

(2). 

To use SPSA algorithm for solving constrained 

problems with inequality constraints 𝑔𝑗 ≤ 0  (𝑗 =
1, . . . , 𝑚), it is necessary to replace the quasi-objective 

function 𝑤  obtained by the external penalty function 

method with the objective function 𝑓 (Eq. 22). 

𝑟𝑝is a penalty multiplier.    The flow chart of the SPSA 

algorithm for the channel optimization problem can be 

shown in Figure 2. 

3. Results and discussion 

In this article, design steps of the optimal trapezoidal 

composite channel cross-section have been done by 

considering the overtopping probability constrained in 

different values of flow discharge using the SPSA 

optimization algorithm. The flow discharge values are 10, 

50 and 120 m3/s respectively. These steps are as follows: 

• Step1: Das’s method is used to verify the results 

was used to compare the results of the SPSA 

algorithm. The values of flow discharge, Manning 

roughness coefficients, bed slope, freeboard and 

constant cost values are as follows: 𝑄 =

100 𝑚3

𝑠⁄ , 𝑛1 = 0.015  ، 𝑛2 = 0.015, 𝑐1 = 0.5, 

𝑐2 = 0.3, 𝑐3 = 0.35, 𝑐4 = 0.4, 𝑓 = 0.5𝑚, 𝑆0 =

0.0025 

It should be noted that in the analytical model of 

Das (2000), only Manning's constraint is specified 

in the optimization process. 

 

• Step2: Then, the model was developed with five 

very important constraints including, uniform 

flow constraint, Froud number constraint to 

control the subcritical flow in the channel, 

maximum velocity constraint to prevent scouring 

in the channel, minimum velocity constraint to 

control sedimentation in the channel and limiting 

the Channel top width were investigated to reduce 

the cost of the land area in order to provide the 

optimal shape of the channel section. The 

aforementioned restrictions are also called 

definite restrictions.

 
Figure 2. The flow chart of SPSA algorithm [32] 
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Table 3 
Comparison of the optimization results of the trapezoidal composite channel section with the analytical model method of Das (2000) 

  Parameters 

 

Model 

y (m) b(m)
 

Z1 Z2 f(m) COST 

Das (2000) 4.033 6.404 0.253 0.292 0.5 22.935 

SPSA model (uniform flow) 4.0327 6.410 0.249 0.293 0.5 22.9354 

SPSA model (total constraints) 4.013 6.305 0.305 0.297 0.5 22.9444 
 

Comparing the results of the current model with 

the results of the analytical method of Das (2000) 

shows that the SPSA algorithm has a very good 

convergence in reaching the desired solution. 

• Step3: After verifying and ensuring the 

correctness of the model in the first and second 

steps, the optimal shape of the compound 

trapezoidal channel section was obtained using 

the SPSA algorithm with the model of Das 

(2007), which input data of flow discharge values, 

roughness coefficients Manning, bed slope, 

freeboard and cost values in the validation section 

are as follows:  

𝑄 = 120 𝑚3

𝑠⁄ , 𝑛1 = 0.033  ، 𝑛2 = 0.028, 𝑛3 =
0.023, 𝑐1 = 0.5, 𝑐2 = 0.3, 𝑐3 = 0.35, 𝑐4 = 0.4, 

𝑓 = 0.5𝑚, 𝑆0 = 0.0025 

At this step, the values of the standard deviation 

of flow discharge, roughness coefficients and the 

bed slope of channel of the model (Das, 2007) are 

as follows: 
𝑆𝑄 = 51.89414, 𝑆𝑆0

= 0.00356, 𝑆𝑛1
= 0.00572, 𝑆𝑛2

=

0.00445, 𝑆𝑛3
= 0.00356   

In Table 4, the comparison of the results obtained 

from the analytical model of Das (2007) with the 

results related to the optimization of the cross-

section of the composed trapezoidal channel by 

considering Manning's constraint and the 

overtopping probability constraint corresponding 

to the minimum cost shows that the amount of 

cost using of the SPSA algorithm in similar 

optimization conditions is less than the analytical 

model of Das (2007). 

• Step4: the optimization is considered with the 

overtopping probability by taking into account all 

the constraints to optimize the cross-section of the 

composed trapezoidal channel. that the input 

values are the same as the values of the third step 

and the optimal design is based on the flow 

discharge values of 10, 50, and 120 (m^3/s). 

In this study, the optimization method was 

repeated by changing the flow discharge. The 

obtained results are summarized with tables and 

graphs. 

Table 4 

Comparison of the optimization results of the trapezoidal composite 
channel section with the analytical model method of Das (2007) by 

considering the possibility of flooding with the SPSA algorithm. 

 COST P yS 

Das (2000) 4.033 6.404 0.253 

SPSA model 

(uniform flow) 
4.0327 6.410 0.249 

SPSA model (total constraints) 4.013 6.305 0.305 
 

Tables 5, 6 and 7, show the optimal values of flow 

depth, channel bed width, left and right-side slope of the 

channel, flow velocity, Froude number and channel 

construction cost at different overtopping probability 

values. The flow discharge values in this paper are 10, 50 

and 120 m3/s and the freeboard value are 0.5 meters.

Table 5 

 Optimal values of design variables, constraints and objective function using SPSA algorithm for flow discharge Q=10 m3/s 
     

p 
y(m) b(m) z1 z2 f V(m/s) Fr Cost 

0.01 1.756 2.167 0.613 0.597 0.5 1.763 0.490 6.565 

0.05 1.834 2.119 0.502 0.564 0.5 1.762 0.476 6.491 

0.1 1.887 2.092 0.443 0.534 0.5 1.758 0.467 6.456 

0.15 1.928 2.069 0.438 0.484 0.5 1.754 0.460 6.436 

0.2 1.977 2.048 0.385 0.469 0.5 1.749 0.452 6.418 

0.25 2.036 2.045 0.334 0.426 0.5 1.742 0.440 6.400 

0.3 2.084 2.033 0.305 0.397 0.5 1.736 0.432 6.395 

0.35 2.124 2.031 0.291 0.358 0.5 1.730 0.424 6.392 

0.4 2.175 2.037 0.253 0.329 0.5 1.722 0.415 6.394 

0.45 2.199 2.044 0.261 0.288 0.5 1.718 0.410 6.395 

0.5 2.238 2.057 0.217 0.279 0.5 1.711 0.402 6.403 
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Table 6 
 Optimal values of design variables, constraints and objective function using SPSA algorithm for flow discharge Q=50 m3/s 

     

p 
y(m) b(m) z1 z2 f V(m/s) Fr Cost 

0.01 3.234 4.043 0.529 0.589 0.5 2.642 0.537 15.847 

0.05 3.333 3.945 0.520 0.527 0.5 2.636 0.527 15.798 

0.1 3.427 3.838 0.494 0.504 0.5 2.629 0.519 15.774 

0.15 3.495 3.795 0.454 0.493 0.5 2.625 0.512 15.751 

0.2 3.561 3.742 0.442 0.467 0.5 2.619 0.506 15.743 

0.25 3.614 3.733 0.412 0.450 0.5 2.615 0.500 15.731 

0.3 3.798 3.730 0.351 0.355 0.5 2.596 0.478 15.729 

0.35 3.820 3.738 0.361 0.325 
0.5 

2.593 0.475 15.735 

0.4 3.893 3.748 0.321 0.306 
0.5 

2.585 0.467 15.750 

0.45 3.941 3.798 0.275 0.294 
0.5 

2.579 0.460 15.763 

0.5 3.981 3.817 0.278 0.258 
0.5 

2.572 0.454 15.780 
 

 
Table 7 

Optimal values of design variables, constraints and objective function using SPSA algorithm for flow discharge Q=120 m3/s 
     

p 
y(m) b(m) z1 z2 f V(m/s) Fr Cost 

0.01 4.306 6.450 0.465 0.444 0.5 3.314 0.566 26.763 

0.05 4.348 6.439 0.443 0.428 0.5 3.313 0.562 26.733 

0.1 4.386 6.387 0.436 0.420 0.5 3.311 0.559 26.722 

0.15 4.500 6.170 0.430 0.418 0.5 3.302 0.553 26.717 

0.2 4.561 6.084 0.426 0.405 0.5 3.297 0.548 26.714 

0.25 4.666 5.947 0.402 0.400 0.5 3.289 0.541 26.710 

0.3 4.808 5.898 0.354 0.360 0.5 3.278 0.528 26.705 

0.35 4.861 5.924 0.328 0.338 
0.5 

3.273 0.522 26.707 

0.4 4.913 5.942 0.317 0.308 
0.5 

3.267 0.517 26.718 

0.45 4.946 5.984 0.286 0.300 
0.5 

3.264 0.512 26.725 

0.5 4.956 6.021 0.267 0.298 
0.5 

3.262 0.510 26.728 
 

 

 

Figure 3. Results of optimization of composed trapezoidal cross-section using SPSA algorithm for flow discharge of 10 m3/s 
 

 

 



 Journal of Civil Engineering Researchers 

2024-vol6(4)-p 40-51 

 

48 

 

Figure 5: Results of optimization of composed trapezoidal cross-section using SPSA algorithm for flow discharge of 50 m3/s 

 

 

Figure 6. Results of optimization of composed trapezoidal cross-section using SPSA algorithm for flow discharge of 120 m3/s 

Figures 3 to 6 show the changes in the optimal values of 

flow depth, channel bed width, left and right-side slope of 

the channel, flow velocity, Froud number and channel 

construction cost with overtopping probability values using 

the SPSA algorithm. The result show that with increasing 

probability values, the flow depth increases and, in 

contrast, with the left and right-side slopes of the channel 

section, the flow velocity and Froud number decrease. 

These changes are also valid for all discharge values of 10, 

50 and 120 m3/s. The values of the channel bed width and 

channel construction cost are first decreasing and then 

increasing. So that initially, with increasing overtopping 

probability values, the channel bottom width and 

construction cost decrease, but at a discharge of 10 m3/s 

from an overtopping probability value of 0.35 and above, 

and for flow discharge values of 50 and 120 m3/s from an 

overtopping probability value of 0.3 and above, the channel 

bottom width and construction cost increase with 

increasing overtopping probability values. 

In Figure 7, the graph shows the changes in flow 

discharge values with overtopping probability values at 

flow values of 10, 50, and 120 m3/s. 

 
Figure 7: Comparison of the cost of constructing a compound 

trapezoidal canal for different overtopping probability values and 
discharge values of 10, 50, and 120 (m3/s). 
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Figure 8: Optimal flow velocity values- overtopping probability 

relationship for different flow discharge values 

Figure 8, shows the optimal values of flow velocity in a 

composed trapezoidal channel for different overtopping 

probability values (from 0.01 to 0.5) and flow discharge 

values of 10, 50, and 120 m3/s. with the flow velocity 

decreasing as overtopping probability values increase. 

 
Figure 9: Optimal Froud values - overtopping probability relationship 

for different flow discharge values 

Figure (8) shows the values of the Froude number in a 

composed trapezoidal channel for different overtopping 

probability values (from 0.01 to 0.5) and flow discharge 

values of 10, 50, and 120 m3/s. As the overtopping 

probability values increase, the Froude number decreases. 

4. Conclusion 

In this study, the effect of uncertainty in the optimal 

design of a composed trapezoidal channel is presented. The 

effect of discharge is investigated by considering different 

values in these models on the design variables, constraints, 

objective function and geometric parameters and channel 

design, at different overtopping probability values. The 

results show that at a certain flow discharge value, with 

increasing overtopping probability values, the flow depth 

increases, but the left and right-side slopes, flow velocity 

and Froude number decrease. The changes in overtopping 

probability values are somewhat different with the channel 

bed width and cost function, so that the channel bed width 

and channel construction cost first decrease and then 

increase with increasing probability values. Accordingly, 

for a flow discharge of 10 m3/s and for an overtopping 

probability value of 0.35 and above, and for flow discharge 

values of 50 and 120 m3/s from an overtopping probability 

value of 0.3 and above, the channel bed width and 

construction cost increase with increasing overtopping 

probability values. 
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